Motivated by reachability questions in coherently controlled open quantum systems coupled to a thermal bath, as well as recent progress in the field of thermo-/vector-dmajorization [vom Ende and Dirr (2019)] we generalize classical majorization from unital quantum channels to channels with an arbitrary fixed point D of full rank. Such channels preserve some Gibbs-state and thus play an important role in the resource theory of quantum thermodynamics, in particular in Thermo-Majorization.
INTRODUCTION
Studying reachable sets of control systems is necessary to ensure well-posedness of a large class of (optimal) control tasks. In Dirr et al. (2019) toy models on the standard simplex of probability vectors were studied in order to answer reachability questions of controlled n-level systems coupled to a bath of finite temperature, where said bath can be switched on and off. If the closed part of the system can be fully unitarily controlled and the bath has temperature T = 0 then every quantum state 1 can be reached from every initial state (in the closure, i.e. maybe not exactly but at least with arbitrary precision) and for T = ∞ an upper bound is given by classical majorization on matrices. For more details on this we refer to the first part of this talk: Exploring the Limits of Open Quantum Dynamics I: Motivation, First Results from Toy Models to Applications.
An obvious follow-up question is the following: what can one say, if anything in general, about the reachable set of such a system if 0 < T < ∞? Even within the easier toy model this is a rather difficult task and it seems that the notion necessary to handle such problems is a more general form of majorization:
⋆ This work was supported in part by the Excellence Network of Bavaria (ENB) through ExQM. 1 A quantum state is a positive semi-definite matrix of unit trace.
ON THE ROAD TO D-MAJORIZATION

d-Majorization on Vectors
Majorization relative to a strictly positive vector d ∈ R n ++ , as introduced by Veinott (1971) and in the quantum regime by Ruch et al. (1978) is defined as follows: a vector x is said to d-majorize y, denoted by x ≺ d y, if there exists a column-stochastic 2 matrix A with Ad = d and x = Ay. Such A is called a d-stochastic matrix. A variety of characterizations of ≺ d and d-stochastic matrices can be found in the work of Joe (1990) or vom Ende and . The most useful for numerical purposes is the following: x ≺ d y if and only if n j=1 x j = n j=1 y j and d i x − y i d 1 ≤ d i y − y i d 1 for all i = 1, . . . , n (here z 1 = n j=1 |z j | is the usual vector-1-norm). One recovers classical majorization ≺ on real vectors by setting d = (1, . . . , 1) T =: e T . For more on vector majorization we refer to (Marshall et al., 2011, Ch. 1 & 2) . This 1-norm characterization suffices to write the dmajorization polytope M d (y) := {x ∈ R n | x ≺ d y} for any y ∈ R n as the set of solutions to a nicely structured vector inequality M x ≤ b, M ∈ R 2 n ×n . This description of d-majorization enables a proof of the existence of an extremal point z ∈ M d (y) such that M d (y) ⊆ M e (z), i.e. there exists some z ≺ d y which classically majorizes all x ∈ M d (y).
While ≺ d -due to this result-is suitable to analyze reachable sets in the toy model (cf. Part I of this talk) as soon as one considers n-level quantum systems one needs a similar concept on matrices.
d-Majorization on Matrices
Classical majorization on the level of hermitian matrices uses the vector of its eigenvalues λ(·) arranged in any order with multiplicities counted. More precisely for any A, B ∈ Her(n), A is said to be majorized by B if λ(A) ≺ λ(B), cf. Ando (1989) . The most naïve approach to define D-majorization on matrices (with 3 D = diag(d) for some d ∈ R n ++ ) would be to replace ≺ by ≺ d and leave the rest as it is. However vector d-majorization is not permutation invariant (unless d = (1, . . . , 1) T ) so such a definition would depend on the eigenvalues' arrangement in λ.
The same "arrangement" problem occurs when generalizing classical vector majorization-which was originally defined via decreasingly ordering the vectors x, y and comparing their partial sums-to arbitrary weight vectors d. This led to the unambiguous definition (or rather characterization) via d-stochastic matrices from Section 2.1. Thus the most natural way out of this dilemma is that classical majorization on matrices is characterized by completely positive trace-preserving (cptp) maps which have the identity matrix diag(1, . . . , 1) as a fixed point. Therefore it seems utmost reasonable to generalize majorization on square matrices as follows.
Definition 1. Given n ∈ N and A, B ∈ C n×n as well as a positive definite matrix D ∈ C n×n we say that A is D-majorized by B if there exists a cptp map T such that
Such a definition is also justified by the following: given real vectors x, y and a positive vector d ∈ R n ++ one has diag(x) ≺ diag(d) diag(y) if and only if x ≺ d y. In other words the diagonal case reduces to d-majorization on vectors as expected.
PROPERTIES OF D-MAJORIZATION
The above definition also allows for a physical interpretation of D-majorization: given some n-level system (with Hamiltonian H 0 ∈ C n×n ) coupled to a bath of some temperature T > 0, the Gibbs state (i.e. the thermodynamic equilibrium state) of the system is given by
Because every positive definite n × n matrix of unit trace is the Gibbs state of some n-level system this links D-majorization to Gibbs-preserving cptp maps. Moreover this connects classical majorization to baths of infinite temperature because for arbitrary hermitian H 0 lim T →∞ exp(−H 0 /T ) tr(exp(−H 0 /T )) = id n n = 1 n diag(1, . . . , 1) .
3 Here and henceforth diag(x) ∈ C n×n is the matrix which has x ∈ C n on its diagonal and the remaining entries are 0.
Characterizations of D-Majorization
If one deals with qubits, i.e. two-dimensional systems, then D-majorization can be characterized as follows.
Proposition 2. Let d ∈ R 2 ++ , D = diag(d) and A, B ∈ C 2×2 hermitian be given. The following are equivalent. 2 as well as for the generalized fidelity
Of course property (iv) is the closest to the above 1norm characterization of ≺ d and, moreover, the key to easily check (e.g., on a computer) if some hermitian matrix D-majorizes another. Unfortunately none of these characterizations generalize to dimensions larger than 2 because the counterexample to the Alberti-Uhlmann theorem in higher dimensions, given by Heinosaari et al. (2012) , pertains to our problem: Consider the hermitian matrices
Obviously, B T = A and D T = D so because the transposition map is well-known to be linear, positive and trace-preserving one has A − tD 1 = (B − tD) T 1 ≤ B − tD 1 for all t ∈ R. But there exists no cptp map, i.e. no T ∈ Q(n) such that T (B) = A and T (D) = D as shown in (Heinosaari et al., 2012, Proposition 6) . For now characterizing ≺ D beyond two dimensions remains an open problem.
Order Properties of D-Majorization
As is readily verified ≺ D is a preorder but it is not a partial order-the same holds for ≺ d and the counterexample which shows that ≺ d is not a partial order transfers to the matrix case. Moreover one can characterize minimal and maximal elements in this preorder.
Theorem 3. Let d ∈ R n ++ be given and let h d := {X ∈ C n×n | X hermitian and tr(X) = e T d} h + d := {X ∈ C n×n | X ≥ 0 and tr(X) = e T d} be the trace hyperplane induced by d within the hermitian and the positive semi-definite matrices, respectively. The following statements hold.
It is the unique maximal element in h + d with respect to ≺ D if and only if d k is the unique minimal element of d.
From a physical point of view this is precisely what one expects: from the state with the largest energy one can generate every other state (in an equilibrium-preserving manner) and there is no other state with this property.
Reachable Sets & D-Majorization
In order to analyze reachable sets we (as in Section 2.1) define the set of all matrices which are D-majorized by some state ρ or even a collection of states S ⊆ C n×n :
with P being the power set and M D (X) := M D ({X}) for all X ∈ C n×n . This closure operator is used for upper bounding the reachable set in the vector case (the "toy model" Λ d of Part I) and is expected to do so in the matrix case (coherently controlled quantum system), as well. One can show that
If P is a collection of quantum states then M D (P ) is star-shaped with respect to the Gibbs state D tr(D) . (iv) When restricting M D to the compact subsets of C n×n then M D is non-expansive (so in particular continuous) with respect to the Hausdorff metric.
The last property formulates that for a system described by a Hamiltonian H 0 in the state ρ which is coupled to a bath of temperature T ≥ 0, "small" changes in ρ cannot change the set of D-majorized states "too much".
CONNECTION TO THERMO-MAJORIZATION
Over the last few years, sparked by Brandão et al. (2015) ; Horodecki and Oppenheim (2013) and others [Gour et al. (2015) ; Lostaglio et al. (2018) ; Sagawa et al. (2019) ] thermo-majorization has been a widely discussed and researched topic in quantum physics and in particular quantum thermodynamics. In the abelian case thermomajorization, on a mathematical level, is described by vector d-majorization which begs the question of how to define thermo-majorization for general quantum states.
Indeed Faist et al. (2015) have shown that it makes a conceptual difference whether one defines thermomajorization on non-diagonal states via Gibbs-preserving maps (i.e. cptp maps which have the Gibbs state D > 0 as a fixed point, which coincides with Definition 1) or if one restricts oneself to the smaller class of thermal operations. The latter, given some Hamiltonian of the system H S and the thermal reservoir H R , are defined as follows. Thermal operations are the free operations of the resource theory of quantum thermodynamics as those encompass the dynamics which conserve the global energy, i.e. the energy of the larger system H SR = H S ⊗ id R + id S ⊗H R . Now the discrepancy between Gibbs-preserving maps and thermal operations comes from the fact that there exist Gibbs-preserving maps which generate coherent superpositions of energy levels, whereas no thermal operation is capable of doing such a thing.
On the other hand there are some properties one, mathematically and physically, expects from a notion of majorization connected to a temperature T ∈ [0, ∞] which are unclear or even amiss in the current formulation if one is restricted to thermal operations:
• Do the thermal operations form a semigroup, i.e. is the composition of two thermal operations again a thermal operation? Physical intuition suggests that this should hold but mathematically this seems unclear. This semigroup property is required to guarantee that thermo-majorization is a preorder, which is a justified expectation: if one can generate state A from state B and state B from state C then one should be able to generate state A from state C (all via "free operations"). • There is no maximal state anymore (in the sense of Thm. 3). The state of largest energy loses this property as shown by the same example which demonstrates the conceptual difference between Gibbspreserving maps and thermal operations. Moreover, because the state with largest energy is uniquely maximal in ≺ D there cannot be a replacement if one is restricted to a smaller class of cptp maps.
Thus the choice of the "correct" framework for this physical problem remains an interesting open question.
